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INTRODUCTION 
THE main object of interest in this paper is a non-singular, -projective, irreducible, 
complex algebraic curve, which is assumed to be defined over the real numbers, and, until 
94 is assumed to have a real point. On the underlying compact, connected Riemann sur- 
face X, the complex conjugation and real locus appear, respectively, as a differentiable 
orientation-reversing involution p and its fixed-point-set Xp, which is a disjoint union 
of, say, r circles, with t 2 1. The main result (Theorem 1) is a matrix expression, 
depending only on r and the genus g of X, for the action of p on the homology group 
H,(X,Z). As a corollary, one has an improvement of Harnack’s inequality r-5 
1 + g [ 1,2,4], in the sense that the non-negative number 1 + g - r is interpreted (in 
Corollary 1, § 1) as the dimension of a vector space, namely the quotient of 
Hr(X, Z/22) by the subspace of cycles fixed by p. 
In an old manuscript[3], which he has most kindly shared with me, Barry Mazur 
proved, in the special case where X is the modular curve X0@) classifying elliptic 
curves together with an isogeny of prime degree p, that Hr(X, Z/Z) is a free module 
over the group-ring 2/2Z[pl. The present paper implies his result, over Z, using 
nothing about X,(p) except that its real locus is connected; this property was used in 
[33, and was actually necessary in view of my Corollary 2, 91. I have taken fairly 
literally from 131 my use of surgery in 02 (done in [3] only for r = 1, of course) and 
connected sum in P4. The essence of Mazur’s argument was to reduce by surgery to 
the case of no real points; for me this case (04) is just an appendix. The twisting 
operation and shearing cycles of 03 are my adaptations to the general case of Mazur’s 
constructions on the “fundamental domain” for X0(p); while the former was rather 
implicit in [3], the latter were quite explicit and even named there. 
51. STATEMENT OF RESULTS 
Let X be a closed, connected, orientable surface of genus g, p an orientation- 
reversing differentiable involution of X, and r the number of circles comprising the 
fixed locus Xp, which we suppose non-empty. We need the matrices 0 = t 0 
( > 
_ 1 and 
s=(Y $9 and write n10 0 n2S for the direct sum of ni copies of 0 and n2 copies of 
S. The main result of this paper is 
THEOREM 1. With the above notation, the homology group H,(X, Z) has a basis for 
which the action of the complex conjugation p is by (r - 1) 0 @( 1 + g - r)s. 
Harnack’s inequality r I 1 + g, i.e. the non-negativity of 1 + g - r, obviously fol- 
lows from Theorem 1. In fact, that inequality is the first step in the proof (see e.g. 82). 
The next step is the classification theorem of Klein’s student Guido Weichold, 
involving g, r, and the number c of components of the space X - XP. We say that two ._ 
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objects (X, p) and (X’, p’) are isomorphic if there is a homeomorphism h: X2 X’ such 
that hp = p’h; it clearly suffices to prove Theorem 1 for one representative of each 
isomorphism class. The classification theorem is: 
LEMMA 1.151 The objects (X, p) and (X’, p’) are isomorphic if (and only if) g = g’, 
r = r’, and c = c’. 
A proof of Lemma 1 is given in 92. In the rest of 92 and 03 we find all the triples 
(g, r, c) which occur, and construct a model (X, p) for each triple. The proof of 
Theorem 1 then becomes a calculation, done in 03, on the various models. 
To interpret the number 1 +g - r as a dimension, let H = H,(X, Z), HP the 
subgroup generated by the eigenvectors for p. and R the quotient group H/HP. The 
index [H: HP], i.e. the number of elements of R, is easily computed from Theorem 1, 
and equals 2(‘+g-r). The equation 2x = (x + p(x)) + (x -p(x)) implies that 2H is con- 
tained in HP, so that R is naturally a vector space over Z/22, of dimension 1 + g - r, 
and also naturally a quotient of H/2&Z = Hi(X, Z/22). Let K denote the kernel HP/2H 
of the projection from Hi(X, Z/2Z) to R; we claim that K coincides with the subspace 
Hi(X,Z/2Z)” of cycles fixed by p. Clearly, p acts as the identity on K. Conversely, 
since p acts on Hi(X, Z/2Z) by the mod.2 reduction of the matrix of Theorem 1, any 
cycle fixed by p is contained in K. Summarizing, we have 
COROLLARY 1. As defined above, the vector space R has dimension 1 + g - r, and 
equals the quotient Hi(X, Z/2Z)/H,(X, Z/2Z)P by the subspuce of cycles fixed by p. 
To see that Theorem 1 implies the result of Mazur described in the Introduction, 
note that p acts on the group-ring Z[p] by the matrix S. Therefore, H,(X,Z) is free 
over Z[p] if and only if the action of p on it has the form gS. Thus, Theorem 1 implies 
COROLLARY 2. The homology H,(X, Z) is u free Z[p]-module if and only if the real 
locus Xp is connected, i.e. r = 1. 
$2. HARNACK’S THEOREM 
We state Hamack’s Theorem in a slightly strengthened form which is probably due to 
Hurwitz: 
THEOREM 2. Let (X, p. g, r) be us in § 1. The number c of components of the space 
X-XPisutmost2.Ifc=2,thenrs1+gandg-risodd.Ifc=1,thenr~g. 
Proof. Let N be a tubular neighborhood of XP in X, which is preserved by p. The 
complement X, = X - N still carries the involution p, now without fixed points, and 
the boundary 3X, consists of 2r circles. A closed orientable surface X is obtained by 
attaching 2r 2-discs to X,, along ax,. (One says that X is the result of surgery on X, 
with respect to XP.) The map p on X, extends in an obvious way to X, again without 
fixed points. Moreover, X has the same number c of components as X - Xp, and its 
Euler number is 2r more than that of X, namely 2( 1 -g + r). Now let Y = X/p and 
Y =X/p denote the orbit spaces under the action of p. Y is connected, and its 
boundary 8Y consists of r circles. Y is homeomorphic to the space obtained by 
attaching r 2-discs to Y, along aY, hence is also connected. Since the covering space 
X + Y has degree 2, X has at most 2 components, i.e. c 5 2. The Euler number of Y 
is I -g + r. If c = 2, then the covering X + Y is trivial, Y may be identified with a 
component of X, and hence Y is a closed connected orientable surface. This implies 
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thatl-g+risevenandatmost2,i.e.g-risoddandr~l+g.Ifc=l,then~isa 
closed connected non-orientable surface, so 1 - g + r I 1, i.e. r I g. 
Remark. Constructions in the next sections show that any triple (g, r, c) satisfying 
the conditions in Theorem 2 actually arises from some (X, p). 
For the sake of completeness, we include here a proof of Weichold’s classification 
result (Lemma 1, 91): 
For any (X, p), the orientation-cover X of Y = X/p is a manifold homeomorphic to 
the space XN defined above, and in particular has a boundary L?X consisting of 2r 
circles naturally partitioned into pairs by the covering automorphism. We may 
identify X - a_% with X - Xp, and there is a projection X+X which is, in effect, the 
identity on X - 3% and the trivial double cover of Xp on a_% The covering automor- 
phism of X + Y is then just p on X - a_% = X - Xp, so will be called p also. Let now 
(Xi, pl) and (X,, pz) be conjugations with the same triple (g, r, c). Then Yi and Yz are 
compact connected surfaces with r boundary circles, with the same Euler number, 
and are both orientable or both non-orientable. It follows that there is a homeomor- 
phism ho: Y, 2 Y2. A homeomorphism 6: Xi +X2 satisfying ip, = p& would induce a 
homeomorphism h : X1 +X2 satisfying hp, = pzh ; thus it suffices to show the existence 
of such an 6. If c = 2, we identify Yi with one of the components of Xi and pi( Yi) with 
the other, for i = 1, 2. Then 6: XE;, +X2, defined to be ho on Y, and hh,,p, on p,( Y,), 
satisfies 6pl = p2h: If c = I, the fundamental groups of X, and Xr have the same image 
under Xt, + Y, 2 Y2 and X2+ Y2, respectively, namely the group of “orientation- 
preserving loops” on Y2. Hence, there is a “lifting” i: Xi --) XT such that &p, = p2h: 
$3. MODELS 
In this section, we construct a model complex conjugation (X, p) for any triple 
(g, r, c) which satisfies the inequalities of Theorem 2, and then compute the action of p 
on the homology group H,(X, Z). In proving Theorem 1, it suffices to examine only 
these models. We consider separately the three cases: 
(I) c=2, rll+g,g-rodd; 
(II) c=l,rSg,g-reven; 
(III) c=l,r<g,g-rodd. 
The next lemma is general enough to apply in all the cases. 
LEMMA 2. Let B = {x1,. . . , x,,, yl, . . . , y,,, zI, . . . , z,, wI, . . . , w,,,} be a collection of 
2g elements of H,(X, Z) such that the intersection products vanish on B except as 
follows: 
(i) Z(.Zi, Wj) = - I( W,, Zi) = + 1 for 1 I i 5171, 
(ii) 1(X;, yi) = - I(yi,X;) ’ 2 1 for 1 I i I n, 
and 
(iii) Z(x ,+I, y;) = - Z(y;, Xi+,) = + 1 for certain values of i < n. 
Then B is a Z-basis of H,(X, Z). 
Proof. We choose a Z-basis E of H,(X, Z), and write P for the “transition 
matrix” from E to B. Then the intersection matrices ZB and ZE are related by 
ZB = PZ,P’. The hypothesis implies that ZB is invertible over Z, hence so is P. This 
proves the lemma. 
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Case I. Figure 1 suggests a model (X, p) for this case. The ai and a? satisfy, 
respectively, p(ai) = ai and p(aT) = - at. With n = r - 1, set Xi = ai and yi = a? for 
1 s i s n; with m = g - n, let (zi, wi) for 1 5 i 5 m/2 be the pairs of canonical crosscuts 
on one of the two components of X, e.g. “to the right of the vertical arrow” in Fig. 1. 
Then let zi = p(Zi) and Wj = p(Wi) for j = i + m/2. The set B, defined in this way, 
satisfies the hypothesis of Lemma 2, so is a basis of H,(X, Z). The matrix MI of p 
with respect to B is the direct sum of 
and two copies of (,z,, 1G12). 
Case ZZ. We start with a model (X, (+), as in Fig. 1, for the triple (g, r + 1, c = 2), 
and proceed to change u into an involution p which has the desired triple (g, r, c = 1); 
(X, p) is then the model sought. Let C be the component of X” carrying a,+lr and let 
NC be a tubular neighborhood of C in X with “coordinates” t and 0, where - 1 < t < 1 
and 0 s 8 < 27r, and where C corresponds to t = 0, and u has the form (t, 0) +(-t, 0). 
Define the twisting map 7, for 0 5 t < 1, by dt, 0) = (t, 8 + (1 - t)r). Now define p so 
that p = u on X - Nc, that p(t, 0) = T(- t, 0) on the part of Nc with t I 0, and that 
p2 = 1. Note that p is rotation by 180” on C. Let e denote the element of H,(X, Z) 
corresponding to C which is oriented so that e = al + . * + a,. The following con- 
struction gives a shearing cycle y for e: In Fig. 2, a l-chain y. is drawn on the space 
obtained from X by separating the parts of NC with t < 0 and t I 0. By applying T and 
glueing NC back together, y. is converted into a cycle y E H,(X, Z) which satisfies 
p(y)=-y+e=-y+a,+..* + a,. If B is defined by xi = a; for 1 I i s r, yi = a: for 
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1 I i 5 r - 1, y, = ‘y, and the (Zi, Wi) as before, then Lemma 2 says that B is a basis of 
HI(X, Z). The matrix Mz of p with respect to B is the direct sum of 
and two copies of (l!,, $‘). 
Case III. We start with a model (X, a) for the triple (g, r + 2, c = 2), and apply the 
twisting above to u near the components C1 and CZ of X” which carry (Y~ and a,+2. We 
obtain an involution p with triple (g, r, c = l), so (X, p) is the model sought. We may 
define cycles ei and yi such that p(n) = - n + ei, for i = 1, 2, as before. Now define B 
by Xi=ei and yi=yi for i=l, 2, Xi=ai-l and yi=ai*_l for 3dizzr+l, and the 
crosscuts (Zi, wi) as before. Then Lemma 2 applies to B, and the matrix M3 of p with 
respect to B is a direct sum of 
and two copies of (ly,, ‘El’). 
To complete the proof of Theorem 1, it must be shown that MI, M2, and M3 are all 
conjugate, over Z, to the matrix (r - 1) 0 @ (1 + g - r)S. For MI, this amounts only to 
a re-ordering of B. For M2 and M,, one needs the identity 
a re-ordering of B, and, in the case of M2, a change of basis involving xl + xl + - . + x, 
Thus, we can split off, from the first part of the direct sum decompositions for M2 and 
M3, the matrices (y A) and -- , respectively, and blend these into the second ( y2 ( k) 
summand. The reader should now be able to fill in the details, 
94. THE CASE OF NO REAL POINTS 
As it is stated in 0 1, Theorem 1 is clearly inapplicable to the case r = 0, i.e. where 
the real locus XP is empty. The correct statement in that situation is the following. 
THEOREM 3. Let X be a connected, closed, orientable surface of genus g, and p a 
fixed-point-free orientation-reversing differentiable involution of X. Then p acts on 
H,(X, Z) as gS or 0 @ (g - 1)s according as g is even or odd. 
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Proof. The proof of Weichold’s theorem given in 92 is valid for the case under 
consideration now, i.e. (g, r = 0, c = I). We may, therefore, identify (X, p) with any 
convenient model. 
The closed surface Y = X/p is homeomorphic to a connected sum Z# YO, where Z 
is orientable and Yo is the real projective plane or Klein bottle according as g is even 
or odd. Let X0 denote the orientation-cover of YO. and p. the covering automorphism. 
For our purposes, X may be viewed as Z#X, #Z and p as the involution which 
interchanges the outer summands and induces po on X0. Then H,(X, Z) is viewed as 
H,(Z, Z)@HI(Xo, Z)@H,(Z, Z) and p acts by interchanging the outer summands and by 
p. on H,(X,,, Z). If g is even, there is nothing more to prove because H,(X,, Z) = 0. If g is 
odd, we are reduced to showing that po has the form i 
( > 
_ y . We will use an explicit 
model (2, b) for (X0, pO). Let (2, a) be the model constructed in 03 for the triple 
(g, r, c) = (1,2,2). By twisting, we change CT into a fixed-point-free involution b which 
is rotation by 180” on each of the circles comprising (X)? Let e, e’ E Hr(X, Z) denote 
cycles corresponding to those circles, oriented so that e + e’ = 0. To construct a 
shearing cycle for e + e’, start with the l-chain yo, as in Fig. 3, on the space obtained 
by separating X at (X)“. By twisting and glueing X back together, yo is converted into 
a cycle y satisfying b(y) = - y + e + e’ = - y. Then {e, y} is a basis (Lemma 2) of 
Hi@, Z), respect to which p has the form 
po, hence the theorem. 
. This proves what was claimed for 
55. COMMENTS AND QUESTIONS 
Some remarks concerning Weichold’s classification result (Lemma I, § 1) and its role 
in this subject are in order. First, suppose that the topological conjugations (X, p) and 
(X’, p’), with identical numerical invariants (g = g’, r = r’, c = c’), arise from real 
algebraic curves X and X’. Can be homeomorphism b: X &X’ satisfying hp = p’h, which 
exists by Weichold’s result, be chosen complex analytic, i.e. are X and X’ real 
algebraically isomorphic? Second, our proof of Theorem 1 depends in a most essential 
way on the topological classification, and one might ask whether it is necessary to follow 
that approach. If the theorem is weakened slightly, so that (X, p) is assumed to underly a 
real algebraic curve X, then a priori proofs are possible, based for example, on the 
function field of X (E. WITT: Zerlegung reeller algebraischer Funktionen in Quadrate, J. 
Crelfe 171, 1934), or the symmetric powers of X (B. GROSS: Real algebraic curves and 
their Jacobians, preprint, 1979). Our proof, however, may offer technical or conceptual 
advantages over such proofs, without being longer. Can such a weakened result be 
improved to the generality of Theorem 1, still without classification? And, finally, is there 
a direct topological a priori proof of Theorem l? 
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The author sees no reason not to be optimistic about the questions posed above, 
but cannot offer any evidence or suggestion. 
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